In this paper, two novel methods are proposed for designing complex allpass filters with equiripple phase responses using Remez exchange algorithm. One is based on solving simultaneous equation, the other is based on the maximum eigenvalue problem. In each method, satisfactory solution is obtained through a few iterations without any initial guess of the solution. One example is presented to show the effectness of the methods.
INTRODUCTION
In many signal processing applications, it is desired to design an allpass filter with prescribed phase or group delay characteristic [1]- [4] . Recently, two Remez algorithms are developed to design allpass filters with equiripple phase responses. One is that Ikehara presented a design algorithm to approximate the phase response of a complex coefficient allpass filter by solving linear simultaneous equations [5], the other is that Zhang proposed a design procedure to obtain the filter coefficients of real allpass filter by computing an eigenvector corresponding to maximum eigenvalue [6] . Both algorithms give quite satisfactory results through a few iterations without any initial guess of the solution.
In this paper, two novel methods are proposed for designing complex allpass filters with equiripple phase responses using Remez exchange algorithm. The design procedures of both methods are derived from the same key equation. In the first method, the filter coefficients are obtained by solving simultaneous equations. Although the solution and the number of iterations of this method are almost the same as those of Ikehara method, the computation load of our algorithm is less than Ikehara algorithm. As to the second method, the optimal filter coefficients are obtained by solving maximum eigenvector problem. In fact, the second algorithm is an extension of Zhang algorithm. The difference between them is that our algorithm considers complex coefficient allpass filter design, but Zhang algorithm concerns real coefficient allpass filter design.
COMPLEX ALLPASS FILTER
The transfer function of a N-th order complex allpass filter is defined as where a ( n ) is a set of complex filter coefficients given by (
decrease monotonically with increasing frequency.
Assuming that the phase error
where B(ej") is the amplitude of the complex error E(ej") between A(ej") and Ad(ej") [5] . Since sin(z) monotonically increases as x increases, if an allpass filter can be designed such that h ( e j w ) is equiripple, Oe(w) can be also equiripple and the maximum phase error is minimized. This observation is the basic idea of phase approximation algorithm developed by Ikehara [ 5 ] .
Instead of using eq(4) to develop design algorithm, we derive another phase error relation as follows. From eq(l), we can show that With some manipulation, we have where numerator ( w ) can be also equiripple and maximum phase error is minimized. In next section, we do not approximate the desired phase response directly, but indirectly by using function @ ( U ) .
TWO DESIGN ALGORITHMS
In this section, two approximation algorithms are proposed for designing allpass filter with equiripple phase response by using function @ ( U ) . One is based on solving simultaneous equation, the other is based on maximum eigenvalue problem.
Design Algorithm 1
In order to use Remez exchange algorithm, we select 2(N+ 1) appropriate frequency points w;(i = 0,1,. . . , 2 N + 1) in the specified frequency range. Then, an allpass filter is designed such that filter coefficients satisfies following condition where S is an initial error. Combine eq(G) (7)(8), we obtain
Moreover, eq(9) can be represented in matrix form as
The eq(l0) has the same form as eq(1G) in [5] except the vector in right side is modified. Thus, similar iterative approximation algorithm can be developed as follows: Procedure of Algorithm 1:
Step 1. Read order N , initial 6 , and the desired phase response e d (w). S t e p 2. Select initial extremal frequencies w;(i = 0,1, . . . , 2 N + 1) equally spaced in the specified frequency range.
S t e p 3. Set D ( w ; ) = 1, i = 0,1,. . . ,2N + 1.
Step 4. Compute a set of coefficients of a complex allpass filter by solving simultaneous equation eq( 10).
Step 5. Calculate @ ( U ) and search the extremal frequencies of @ ( U ) . Store them into w i .
Step 6. If Iw: -w;I 5 E , then go to Step 10. Otherwise go to Step 7. Note that E is a prescribed small number.
Step 7. Let wz = w ; and set 6 = 6
Step 8. Compute D ( w i ) according to eq(7).
S t e p 9. Go to S t e p 4.

2N+1
I@(wi)l.
Step 10. Compute the transfer function A(ej") and plot the phase response.
In this algorithm, we start with D ( w ) = 1 and continue D ( w ) calculated by an obtained set of coefficients on the previous pass. As to the convergence, this algorithm has same behavior as algorithm in [5] .
Design Algorithm 2
In order to formulate the approximate problem into a maximum eigenvalue problem, substitute eq(6) into eq(8) to yield
We can rewrite eq(l1) in matrix form as 
. . . -sin 9 ( 1 , 0 ) . . .
sin 9 ( 2~, 0)
. . .
-sin q (2N + 1 , O ) . . . (2N+ 1 , N ) . . .
J a = [ a,(o) ar(O) . . . ~T ( N ) a r (~) It
Follow the same reason in real case [GI, we have P is a nonsingular matrix. Thus, the eq(12) can be rewritten as
The eq(13) has the same form as eq (l0) Step 1. Specify order N and the desired phase response S t e p 2. Select initial extremal frequencies w, (i = 0 , 1 , . . . , 2N + 1) equally spaced in the specified frequency range.
S t e p 3. Compute matrix P , Q and find the maximum eigenvector of P-lQ to obtain the coefficient vector a.
Step 4. Calculate @ ( U ) and search the extremal frequencies of @ ( U ) . Store them into U : .
Step 5. If Iw: -wzl 5 E , then go to S t e p 6. Otherwise set wz = w: and go to S t e p 3. Note that E is a prescribed small number.
Step 6. Compute the transfer function A(e3") and plot the phase response.
Qd(w).
DESIGN EXAMPLE AND CONCLUSION
In this section, one design example is presented to compare the performance between our approaches and Ikehara's method. The desired phase response considered here is given by
A ninth-order allpass filter is designed, the obtained phase response and phase error are depicted in Fig.1 . We can see that the phase error are equiripple with 20 extrema for each proposed algorithm. Table 1 lists the obtained filter coefficients. It is obvious that the proposed methods almost have the same coefficients as Ikehara's method. Moreover, Table 2 illustrates the convergence behavior of the peak phase error. From this reseult, we see that the proposed algorithm 2 has the fastest convergence speed among three design methods. Finally, the CPU time and the resultant maximum phase error are listed in Table 3 . It is clear that both proposed algorithms take less design time than Ikehara's method, but the peak phase errors are all identical.
In this paper, two effective methods have been proposed for designing complex IIR allpass filters. One example is presented to show the effectness of the methods. 
